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Abstract 

Given a sequence of real numbers, we consider its subsequences con- 
verging to possibly different limits and associate to each of them an index 
of convergence which depends on the density of the associated subse- 
quences. This index turns out to be useful for a complete description 
of some phenomena in interpolation theory at points of discontinuity of 
the first kind. In particular we give some applications to Lagrange and 
Shepard operators. 

1 An index of convergence 

The aim of this paper is to investigate the behavior of non converging sequences, 
for which we can find suitable converging subsequences. The density of the sub- 
sequences converging to a given limit determines an index of convergence in the 
sense of Definition 11.11 Our main aim is to use this index in order to obtain a 
complete description of the behavior of some sequences of interpolating opera- 
tors on functions with a finite number of discontinuity of the first kind. This 
problem has been considered for a long time both for algebraic and trigonomet- 
ric polynomials. While for trigonometric polynomials we have some classical 
completely satisfactory results, in the case of algebraic polynomials the situa- 
tion is quite different. Some properties of Shepard operators on functions with a 
discontinuity of the first kind have been established in pQ and subsequent papers 
in terms of lower and upper limits, but the problem of a complete description 
remains substantially opened. 

The introduction of the index of convergence in Definition 11.11 allows us 
to give a solution to this problem. One of the main properties of this index 
resides in the fact that a sequence may converge to different real numbers having 
indices in the interval [0, 1]. In the case where only one real number has index 
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1, the concept can be related to that of statistical convergence considered in 
[5] and subsequently generalized in different ways (see, e.g., O [3 [2 [4] ) . Due 
to the particular formulation of the concept of statistical convergence and its 
subsequent extensions and generalizations, it has not been possibile to use it for 
a deeper analysis of the interpolation of discontinuous functions. 

In this section we define the index of convergence and give some of its prop- 
erties and characterizations. In Sections [2] and [3] we consider the indices of 
convergence of Lagrange and respectively Shepard operators applied to func- 
tions having a finite number of points of discontinuity of the first kind. 

Let ]fcN; the lower density and, respectively, the upper density of K are 
defined by 

f_(JO == Mminf l - ° {1 ' ' ■ ■ ' " }l , 8 + (K) := limsup \ Kn ^- ' .»>l 



n-H-oo n n->+oo Tl 

In the case where 8- (K) = 8+ (K) the density of K is defined as follows 

8{K) := 8-{K) = 8 + (K) . 
We observe that S-(K) = 1 - 8+{K c ). Indeed 

8-{K) = hminf ^Hill^ = Hminf £ ° {1 ' ' ' ' + " = " 

hmmf 1 ■ — — - = 1 + hmmf — — 



n— ¥+oa \ n 



= i - limsup ( A ' *' "' 1=1- 5 + (K c 



Similarly, it can be shown that 8+(K) = 1 — 8-(K c ). 
We are now in a position to make the following definition. 

Definition 1.1 Let (x n )n>i be a sequence of real numbers. For every real num- 
ber L, the index of convergence of the sequence (x n )n>i to L is defined by 

i (x n ;L) := 1 — sup 8 + ({n G N | x n g] — oo, L — e] U [L + e, +oo[}) . 

Moreover, we also set 

i (x n ; +oo) := 1 — sup 8 + ({n G N | x n g] — oo, M]}) , 

MeR 

i (x n ; -oo) := 1 - sup 8+ {{n G N | x n G [M, +oo[}) . 
Remark 1.2 We point out the following explicit expression of the index of 
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convergence of a sequence (x n ) n >i 

i(x n ; L) = 1 — sup S + ({n E N | x n g] — oo, L — e] U [L + e, +oo[}) = 

= 1 + inf (-5+ ({n g N | x n g] - oo, L - el U [L + e, +oo[})) = 

e>0 

= inf (1 - 5+ {{n g N g] - oo, £ - e] U [L + e, +oo[})) = 
= inf 6- {{n £ N .t„ gl£ -e,L + e\\) . 

Definition 1 1 . 1 1 can be extended as follows. 

We set for brevity B e :=] — e, e[ whenever e > 0. 

Definition 1.3 Let (a; n ) n >i fre a sequence of real numbers and let A be a subset 
o/R. VFe define index of convergence of (x n )n>i relatively to A 

i(x n ,A) := 1 -supc5+({n £ N | x„ £ A + B s }), 

Also in this case we have the following expression of the index of convergence 
i(x n ,A) = inf 6-({n g N | x„ £ A + B e }) . 

Example 1.4 i) As a simple example, we can take x n := cos nir/2, it is easy 
to recognize that 

i(x n ; 0) = -, i(x n ; 1) = i(x n \ -1) = ^. 

ii) As a further example, let a g [0, 1[ be irrational, /3 g [0, 1[ and consider 
x„ := jia + (3 — [not + 0\ (— na + j3 mod 1) 
where [x] denotes the integer part of x. 

The well-known cquidistribution theorem of Weyl ensures that 



^ n-l „i 
lim — f(ka + (3 mod 1) = / 

; n 17 U 



f(t)dt 



k=0 

for each Riemann integrable function in [0, 1]. Then it follows that 

6{{neN\x n eA}) = \A\ 

for every Peano- Jordan measurable set A C [0, 1[, where | • | denotes the 
Peano-Jordan measure. Then 

i(x n ;A) = \A\. 
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Remark 1.5 If the index of convergence of a sequence (x n ) n >i to a real number 
L is equal to 1, we have 

sup 5+ ({n £ N \ x n £} - oo, L - e] U [L + e, +oo[}) = 0. 

£>0 

Hence, for all e > 

= 6+ ({n £ N | x n e] - oo, L - e] U [L + e, +oo[}) 
> 6- ({n £ N | x n e] - oo, L - e] U [L + e, +oo[}) > , 

consequently S {{n £ N | x n £} — oo, L — e] U [i + e, +oo[}) = 0, which means 
that {x n ) n >i converges statistically to L. 

In the next proposition we point out some relations between the index of 
convergence to a number L and the density of suitable subsequences converging 
to L. 

Proposition 1.6 Let (xn) n >i be a sequence of real numbers and a £\0 7 1]. Then 
i(x n ,L) > a if and only if there exists a subsequence {xk( n ))n>i converging to 
L such that 

5- {{k(n) n £ N}) > a . 

Proof. =*>) For every n > 1, we consider the set Mi/„ := {m £ N \ \x m — L\ < 
1/n}. From Remark 11.21 for every nfN there exists v n such that 

|M 1/n n{i,2,...,j}| i 

■ > a 



n 



whenever j > v n . At this point we define recursively a new sequence (i^ n )ri>i 
by setting v\ = v\ and v n = max{i/ n , v n -i + !}• We have 

|M 1/n n{i,2,...,i}| l . 

> a tor all j > v n . (1.1) 



J n 
Consider the set of integers 

K= (J (M 1/n n{l,2,...,i/ n+1 }) 

n>l 

and the subsequence {x n ) n eK- 

For every e > 0, let m £ N such that 1/m < e. Then for every k £ 
K satisfying k > v m we have fc G Un>m {^l/n H {1, 2, . . . , v n +i}) and hence 
|xfe — L\ < i < e. This shows that the subsequence (x„)„ 6 k converges to i. 

On the other hand, for every j > z/ m , there exists I > m such that v\ < j < 
z/; + i and thanks to f)l . 1 [) we have 

|if n{i,2,...,j}| |M 1/t n{i,2,...,i/ i+1 }n{i,2,...,j}| 



|M 1/; n{i,2,...,i}| l l 

J ! 1 > (T — - > a >cr 

.7 f TO 
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that is 

. f \Kn{i,2,...,j}\ 

hminf : > a . 

n— foo j 

<=) We suppose that there exists a subsequence (xk( n )) n >i converging to L 
such that such that 6- ({k(n) \ n G N}) > a. For every e > there exists 
v e G N such that |#fc(„) — L\ < s whenever n > v e . Hence 

6_{{n G N | |z„ - L| < e}) >L({neN| \x k{n) - L\ < e}) 

= &-{{k{n)\n>v E }) 

= 6-{{k{n) | n G N}) > a 

and therefore, from Remark II. 2 [ we obtain i(x n ,L) > a. □ 

Proposition 1.7 Lei (x n )n>i &e a sequence of real numbers and (A m ) m >i a 
sequence of subsets of R suc/i i/icrf A& n A j = /or a/Z k ^ j. Then 



0< ^i(a; n ,A fc ) < 1. 



fc=i 

in particular, if (£ m )m>l *s « sequence of distinct elements of [—00, oo] suc/i 
i/iai, /or every m > 1 

/or some a m > 0, then 

0<5^a fc < 1. 

/c=i 

Proof. Let N > 1; since Afc (~l Ay =0 whenever fc ^ j, we can choose e such 
that 

(Afc + B e ) n (A,- + B e ) = 

for all fc, j = 1, . . . , N, k ^ j. 
Now consider the set 

M W :={n£N I x n G A k + B s } 

and observe that M { e k) n Afj j) = whenever k,j = l,...,N,k^j. Then we 
can conclude that 

AT N 

Q<^i{x ni A k ) <J2 s -({n e N I s„ G A fc + B e }) 

"f £ limint ff^gMw^ 

fc=l \fe=l / 



Uf =1 Mj fc) n {!,..., n} 



lim inf ■ 



= 5l\jMM <1 



\fc=i 



□ 
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Remark 1.8 Observe that if in the preceding Proposition we have Ysk=i ak ~ 
1, then every subsequence (%k(n)) n>1 of (x n ) n >i which converges to a limit L 
different from L m , m > 1, necessarily satisfies 5-({k(n) \ n G N}) = and 
therefore i(x n ; L) = 0. 

Indeed, if a subsequence (^fe(n)j >x of (a; n )n>i exists such that 8-{{k(n) \ n G 
N}) = a > 0, then by Proposition I li>[ we get i(x n ,L) > a and therefore 

N N 

^ i(x n ,L k ) + i{x n ,L) >y^a k + a>l 
fe=l fe=i 

which contradicts Proposition 1 1.71 



2 Lagrange operators on discontinuous functions 

We consider the classical Lagrange operators at the Chebyshev nodes. 
The n-th Lagrange operator is defined by 

n 

L n f(x) = }J n ,k( x )f( x n,k), 
k=l 

for every / : [— 1, 1] — > R and x G [—1,1], where for k = 1, . . . ,n 

{2k - 1)tt 



^n.k — COS 6 n h , 



In 

are the Chebyshev nodes and 

X X n i 



Xn,k XnA 
i^jtk ' 

are the corresponding fundamental polynomials. 

Identifying the variable x £ [—1,1] with cos#, with 9 G [0,7r], the polynomi- 
als £ n _k may also be expressed in terms of the variable 9 as follows 

(-l)* -1 cosn9 

Zn,k(cos9) = — sin^ n ,fe . 

n cos 9 — cos 9 n> k 

Our aim is to study the behavior of the sequence of Lagrange operators for 
a particular class of functions having a finite number of points of discontinuity 
of the first kind. 

We begin to consider the function h x „,d ■ [— 1, 1] — > R defined by 

, x < x , 

h Xo ,d(x) := ■{ d, x = x , xe[-l,l], (2.1) 

1 , x > x Q , 

where d is a fixed real number. 



G 



Before stating our main result, we need to introduce some zeta functions. 
Firstly, consider the Hurwitz zeta function 

+00 

((s,a):=Y- (2.2) 

y J ^ (n + a) s y ' 

n=0 y ' 

for all s,a e C such that Re [s] > 1 and Re [a] > 0. The previous series is 
absolutely convergent and its sum can be extended to a meromorphic function 
defined for all s ^ 1. 

Moreover we need to consider also the Lerch zeta function 



$(x,s,a) := 



(n + a) s 



n=0 



where x £ R, a e]0, 1], Re [s] > 1 if x £ Z and Re [s] > otherwise. In the 
special case x = we obtain the Lerch zeta function 



J(s,a) :=$ i-,s,a I = 



(-1)" 



^ (n + a) s 



which is related to the Hurwitz zeta function by the following relation 

J(s,a) = ^((s,^ -C(s,a) 

for all s, a £ C such that < a < 1 and Re [s] > 1. 

In order to state our main result, we define the function g :]0, 1[h->- R by 
setting 

, . sin (ttx) , „ 
g(x ):= ^J(l, x ), if are 0,1. 

Theorem 2.1 Let xq — cos#o e] — 1, 1[ and consider the functions h := h Xo ,d 
defined by (|2.ip . Then, the sequence of functions (L n h) n>1 converges uniformly 
to h on every compact subsets of [—1, 1] \ {x<j}. 

As regards the behaviour of the sequence (L n h(xo)) n >i we have 



i)Ifia. = Z with p, q e N. q ^ and GCD{p, q) = 1, th 

n + l \\ _ I 
2q )) ~ q 

if q is odd and 



( ^ /2m + l\\ 1 
1 [ L n h{x ); g [ — =-, m = 0, 1 



i {L n h(x ); d) = - , i ( L n h(x ); g ( — J J = - , m = l,...,g-l 
if q is even. 
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it) if is irrational and if A cl is a Peano- Jordan measurable set, then 

i{L n h{x );A) = \g-\A)\ , 

where \ ■ | denotes the Peano-Jordan measure. 

Proof. Let a — cos0i e [— I,xo[ and x — cos0 e [— l,a]; for sufficiently large 
n > 1 there exists fco such that 

o < 9 nM <e < e nM+1 <9 1 <9<tt 

and therefore 

< cos O — cos 9i < cos n ,k o — cos 9 . 

We have L n h(cos9) = Y^k^i 4i,fc(cos 9) + dl „ ;feo (cos 6) if 9 nM = O , and 
L n h(cos9) = J2k=i^A cos 0) if ®n,k < hence 

L n h(cos 9) 

k ° (— I)* -1 cosn0 

= E ~ ^" COS0-COS0„, fc Sin0 "' fe + ( ^ ^K.^}^.*"^*) 

fc ° (— I) fe cosn9 
= ^ — co S 9 nk -cos9 8[n9n > k + (d - Vx { e n , ko} (0o)l n , ko (cose) . 

k—l 

The function t — > cos s t m * os g is positive and monotone increasing on the in- 
terval [O,0[; since < Uy k < n ,k+i < for every 1 < k < fc , we have 

\L n h(x)\ = \L n (h)(cos9)\ 

cosn9 sin9 n _k 
n cos n ,k o — co s 

n cos #o — cos 0i 

It follows that (L n h) n>1 converges uniformly to h in [— l,a\. 

Now let b — cos 02 G]xo, 1[ and x = cos0 e [&, 1]. For sufficiently large n > 1 
there exists fco such that 

< < 2 < 9 nMl <9 < 9 nM+1 < 2ir 

and consequently 

< COS 2 — COS 0Q < COS0 — COS0„,fc o + i . 
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< 



cos n9 



sin0„, feo 



n cos9 n ,k a — COS0 



+ ld-ll 



Then 



n ko 

-L n h(x)\ = |1 - L n h(cos6)\ = y^l ra ,fc(cos 6) - l n ,fc(cos 0)fe(cos n , fc ) 

fc=i fe=i 

sin0 n , fe - (d- 1)X{0„ fco }(^o)C,feo(cos6») 



(— l) fc cosnd 



V 

* — ' n cos 

fc=fc + l 



COS 0„ ;fe 



< 
< 



cosn0 sm6 nM)+1 

n cos0 — cos0 n ^ o+ i 
l + |d-l| 1 



-|d-l| 



cos n9 sin 6 n ,k 
n cos 9 — cos 9 



n cos 62 — cos 

the function t — > cos g'"* ost is positive and monotone decreasing in }9,tt] 
' < #n,fc-i < #n,fc < ^ for every fc + 1 < k < n. So (L n h) n>1 converges 
rmlv to h also in \b, ll. 



since the function t — > — 

cos 6 — c 

and < 0„,fc_i < 0„,fc < 7T fo* , uu , ^ ,„ 
uniformly to h also in [6, 1]. 

Now, we study the behavior of (L n h(xo)) n >i. 

For sufficiently large n > 1 there exists fco such that ni fc o 
9—9 

Let us denote cr„ = n— From ^f^-vr < 9 < ^^-tt we have that 

' /r„ <^ 1 • t.Vipn 



that 6*„^ < 9 < 8 n ,k +i- 



< (T„ < 1; then 

i= J((t„ + A;o-1/2) 



and moreover 



that is k = [n^ + |] and 



1 

fco < n h — < fe + 1 , 

7T Z 



o n = n h - - 



' 1 

n V + 9 
7T Z 



If xq is a 
If Xq is not a 



and o n = 0, then 



7T Z 

Chebyshev node, that is 0o = n ,fc o 
L n h(cos 9q) = d . 

< o n < 1 and 



i>„n^cos Co J = a • 
Chebyshev node we have 9$ < 9 n .k , 

fco 

L n h(cos9 ) = y^J n . k (cos9 ) 
fc=i 



(2.3) 
(2.4) 



(2.5) 

node and observe that 



fc=i 

Let us consider the case where xo is not a Chebyshev 

fco fco (-I) 1- * cosn0 o 

YVri,fc(cos0 o ) = V" ^ ^ — sin 9 n . k 

t~i ifci n cos0 o - cos0 n , fe 

*2, (_i)*o-fc+i sin ( n o _ fco7r + 7r / 2 ) . 
' " B 7 sm(, »,t 

l COS 6>o — COS 9 n k 



E 

/c=i 

fe 



n 



= E 



(_l)fco-fe+i s in(n(6»o 
n cos 0o — 



COS 00 — COS nj fe 

sint/ n ,fc . 



COS 0Q — COS0 ra> fe 
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Setting m = fc — k we have 



70 — Vn,k — Oq — V n ,k -m 

= -\p n + m) 
n 



2(k - to) - 1 m 

70 — 7T = 6»0 - #„,fc H 7T 



2n 



and consequently 



h 



fcn-1 



(-1) 



m+l 



sin (7rcr n ) 



V^„,fe(cos6»o) = V 

— ' ^ n cos t^o - cosC n> fe - 



Sm V n ,k -m 



k=l 



sm(na n ) 1 (-1)" 
n ^ 

m=0 

7T ^ cr„ + m 

m— 

. / N fe0— 1 

Sin(7TCr„) 

m=0 

sin(7r<7„) "g 1 (-l) m 



sin V n ,k a -™ 



n 1 
+ -- 



cos 6> - cos V n ,k -m tt a n + m 



sin ty„ jfeo _ 



1 



COS # - COS 6 n ^ -m So — 9n,k - 



m— 
feo-l 



sin(7rcr») \ ^ , m+ , (ft , 

n. * — ' 



(2.6) 



m=0 



where 6 n ,k -m G [0n,i> #n.fc ] c]0, O [ and the function <7g : ]0, #o[— ► ^ is defined 
by setting 

. . sinx 1 .„ . . 

9e (x) := h- , x e 0,6»o • 

cos t^o — cos x — x 

The function gg is monotone decreasing and bounded since 

lim gg (x) = ^- < oo , lim g 9o (x) = ^cot(0 o ) < oo . 



For all n > 1 and a 6 [0, 1[, consider the function /„ : [0, 1[— > M defined by 
setting 



Sm(7T(T) y-y 1 (— 1) 



7T 0" + m 

m— 

+ sin(™) g ( _ ir+ i ffflo((9nifco _ ro) , if (j e]0 , 1[ 



n 



{ d, 



m=0 



if cr = 
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taking into account (|2.4[) , (|2.5[) and (|2.6p we have that L n h(cos9o) = f n { a n)- 
For all (j 6]0,1[ 



< 



< 



sin(7rcr) (— 1) 



E 



7r * — ' a + m 

m=feo 



+ ^^(1^0(^,1)1 + 1^0(^0)1) 



sin(7r a) 



(_l)*o 



sin(7T(j) 



(ko^n.l)! + Iff0o(^n,fe o )l) 



< 4~ + - (lffflo(»n,l)l + \96 {Qn,k Q )\) ; 

where the righthand side is independent of a s]0, 1[ and it converges to as 
n — > 00 since 

1 



and 



lim ge (9 n i) = lim ge {x) = — < 00 



lim ge (O n ,k ) = lim #(x) = -cot(0 o ) < 00 



Then we can conclude that the sequence (f n ) n >i converges uniformly on 
[0, 1[ to the function g : [0, 1[— > R defined as follows 



d, 



if x G]0,1[, 
if x = . 



Now, we will construct g subsequences (L fcm ( n )ft,(xo)) n>1 , m = 0, . . . , q — 1, 
of (L„/i(xo))„>i with density ^ such that 



lim L k m (n)h(xo) = g 



m + g/2 - [g/2] 



for all m = 0, . . . , q — 1 . 



Fix m = 0, . . . , q— 1; since GCD(p, q) = 1 we can set k m (n) := l + nq, where 
/ G { — [g/2], . . . , [9/2]} is such that Ip = m — [g/2] mod g, that is there exists 
s£Z such that Ip = sq + m — [g/2]. 

So, consider (L fem ( ra )/i(xo)) n>1 and observe that for all m = 0, . . . , q — 1, we 
have 5({fc m (n) | n e N}) = -. It follows, for all n > 1 



CTfc m (n) = (« + nq)~ + - - 
g 2 



(i + „,)£ + 

g 2 



m + g/2 -[g/2] 

S H h - 

m + g/2 - [g/2] 



m + g/2 -[g/2] 
s H h 



11 



since s,np £ Z, while < m+?/2 g ~ [,?/21 < 1 because < q/2 - [q/2] < 1. Then 
lim L k m {n)h{xo) = lim /„ (cr fem( „)) 

n— too n— too 

(m + q/2-[q/2]\ . ( m + q/2 - [q/2] 

= lim in = g 



Therefore, by Proposition 1 1.61 we have that for all m = 1, . . . , q 

.( / m + g/2-[g/2] \\ 1 
l \L n h{x ),g I 1 1 > - . 

Now, we have q different statistical limits with index i, so by Proposition 11.71 
it necessarily follows 

m + q/2- [q/2]\\ _ 1 



i L n h(x );g 
V \ q J J i 

In particular, if q is even and m = 0, for every n > 1 we have 9q = 9k m ( n ),k an d 

lim L k m (n)H x o) = .9(0) = d. 

n— too 

This completes the proof of part i). 

Finally we consider the case where is irrational. First, we observe that 
from (|2.3p and Example 11.41 (ii) , we have 

5({n6N| a n eJ}) = \J\ 

for every Peano- Jordan measurable set J C [0, 1[. 

Let A C E be a bounded Peano-Jordan measurable set. Since (/„)„>i 
converges uniformly to g in ]0, 1[, for every e > there exists v e > 1 such that 
/n(o") £ A + B e whenever n > v e and a G g _1 (^4). So 

{n > v e a n e C{n>v e L n h{x ) (E A + B e } 

and we can conclude that 

\g~\A)\ < 6^ ({n e N | L n h(x ) eA + B e }) . 

Hence 

|<TV)I <<(L n /i(xo);^) ■ (2.7) 

In order to show the converse inequality, we argue by contradiction and assume 
that < i(L n h(xo); A); then we can find 8 > such that 

Ig-^A + Bg)] =i{L n h(x );A) . 

The map S h- > | A + Bg \ is monotone increasing and continuous for S > 0. 
By Proposition 11.71 since An (A + Bg/ 2 ) c = 0, we have 

i(L n h(x ); A) + i(L n h{x ); (A + B s/2 ) c ) < 1. 



12 



Using (H2J), we get ^{{A + B s/2 f)\ < i(L n h(x ); (A + B s/2 ) c )- then 

\g-\A + B s )\ + \g-\{A + B m y)\<\ 
and consequently, taking into account that g _1 (M) =]0, 1[, 

\g-\A + B S )\ < 1 - \g-\iA + B s/2 ) c )\ = \g~ l (A + B s/2 )\ 

which yields a contradiction, since the map 5 M- A-l-i^ is monotone increasing. 

□ 

At this point, using Theorem 12. 11 we are able to study the behavior of La- 
grange operators on larger classes of functions, namely on the space BV([-1,1]) 
of functions of bounded variation having a finite number of points of discon- 
tinuity and on the space C u + H where C w denotes the space of all functions 
/ G C([— 1, 1]) satisfying the Dini-Lipschitz condition u(f,5) = o(| log 
and H is the linear space generated by 

{h X0 ,d I zo e]-i,l[, dew} . 

Observe that if / G C u + H there exists at most a finite number of points 
Xx, . . . , x 7v of discontinuity with finite left and right limits /(x, — 0) and f(x{+0), 
> 1 V. 

Then we can state the following theorem. 

Theorem 2.2 Let f G BV([— 1, 1]), or alternatively f G C u + H , with a finite 
number N of points of discontinuity of the first kind at X\, . . . , xjy G] — 1, 1[. 
For every i = 1, . . ., N consider 9i G]0,7r[ such that Xi = cos9i, di :— f{xi) and 
define the function 

9i {x) := f(xi - 0) + (f( Xi + 0) - f( Xi - 0))g(x) . 

Then, the sequence (L n f) n>1 converges uniformly to f on every compact 
subset of} — 1, l[\{xi, . . . ,xjv}- 

Moreover for all i — 1, . . . , N the sequence (L n f(xi)) n >i has the following 
behavior 

i) if L = £ with p,geN, q^O and GCD{p, q) = 1, then 

( . . /2m + l\\ 1 
i L n f{Xi); gi — = - , m = 0, . . . , q - 1; 



if q is odd and 



i(L n f(xi);di) = i 



if q is even. 
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ii) If is irrational and if A CM is a Peano- Jordan measurable set, then 

i{L n f{x i );A) = \gr\A)\ . 

Proof. We assume x\ < ■■■ < xjf. We can write / = F + Ylk=i c khk, where 
F G BV([—1, l])n<7([— 1, 1]) or, alternatively, F G C u and hi := h x j for every 

' 1 v. 

Since F is continuous we have 

i-1 i-1 

f(xi + 0) - °k ~ °i = F ( x * + °) = F ( x * - °) = f( x i -°)-J2 Ck > 
k=l k=l 

from which 

Ci = f(xi+0)-f(xi-0) 

and 

i-1 

F(xi) = f(xi-0)-J2 c k' (2-8) 

fc=i 

Moreover 

i-1 

di = f[xi) = F{xi) + ^ c k h k {x l ) + Cidi 

k=l 
i-1 

= F(xi) + ^ c fc + Ufa + 0) - f( Xi - 0)) di 

k=l 

= f(xi - 0) + (f(xi + 0) - f( Xi - 0)) d, . 

and hence 

= di _ f ( Xi _ Q) 
2 /(^ + 0) - f( Xi - 0) ■ 

The hrst part of our statement is a trivial consequence of the linearity of 
Lagrange interpolation operators. Indeed L n F —¥ F uniformly on compact 
subsets of ] - 1, 1[ by g0\ Theorem 3.1, p. 24] (see also [8 ) if F G W([-l, 1]) n 
C([-l, 1]) and by Theorem 14.4, p. 335] in the case F G C w ). 

Moreover for every fc = 1, ...,N, by Theorem \2.1\ L„ hi, — > hu converges 
uniformly to /ifc on compact subsets of [—1,1] \ {x k }. Then L n f = L n F + 
Ylk=x c kL n hk converges uniformly to / on compact subsets of ] — 1, l[\{xi, . . . , xjv} 

Now we establish property i) . We fix a point X{ of discontinuity and follow- 
ing the same line of the proof of Theorem 12.11 we construct the subsequences 
(fc m (n))„>i, m=l,...,q. Since 

N 

L k m {n)f(xi) = L km{n) F(xi) + 2J c k L kmM h k (xi) + aL km ( n )hi(xi) 

k=l 
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and taking into account (|2~g|) and that F 6 BV([-1, 1]) n C([-l, 1]) (or alter- 
natively i* 1 6 C w ), from Theorem 12. II the right-hand side converges to 



2m + 1 



!-</>, , / \ /2m + 1 
-F(^i) + ^c k h k (Xi) + ctg I — 

fe=i ^ ^ 

= /(a; i -0) + (/(i i + 0)-/(» i -0))fl 
2m + 1 



2<Z 



2q 

for m = 0, . . . , q — 1, if q is odd. 

Analogously, if q is even, (L n f(xi)) n>1 converges to 

f( Xi - 0) + (/(a* + 0) - f(xi - 0)) dj = <k 

with index - and to 
i 

f( Xi - 0) + (/(*, + 0) - f( Xi - 0)) 5 W = 9l 

with index - for m = 1 , . . . , g — 1. 

9 .. 
Finally, we prove property ii). For every i = 1, . . . , N we have 

AT 

L n f{xi) = L n F(xi) + ^2 c k L n h k (xi) + CiL n hi{xi) . 

k — 1 

k^i 

For the sake of simplicity let us denote 

N 

Un - = L n f(xi) , z n '.= L n F(xi) + S ' c k L n h k (xj) , x n := CiL n hi(xi) 
thus y„ = z„ + a; n and, from (|2 .8[) 

i 

z := F(x<) + c k h k {xi) = f(xi - 0) . 
fc=i 

Now, we can apply [TUl Theorem 3.1, p. 24] if F G W([-l, 1]) n C([-l, 1]) 
and [HI Theorem 14.4, p. 335] if f e C w and in any case, from Theorem 12.11 
we get z n — )• z and x„;A) = for every bounded Peano- Jordan 

measurable set icR. Hence £(x n ;A) = |<7 -1 (cj that is 

Lg-^c-M)! = inf 8-{{n G N | as„ G A + . 

£>0 

Fix e > 0; if i„ £ A + B E , from the equality x n — y n — z n we get 
2/ n G A + B e + Zn = A + B e + z + z n — z . 



k = l 
k^i 



i-l 
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Now, let v G N such that \z n — z\ < e for all n > v, Then for every n > v we 
have z n — z G -B e and consequently i/„ 6 4 I £?2 e + z. Then 

{n > v \ x n e A + B e } C {n > v \ y n e A + B 2e + z}, 

that is 

5_({n G N | x n e A + B £ }) < 5-({n G N | y n eA + B 2e + z}) . (2.9) 

On the other hand, if y n G A + B 2e + z, then x n = y n — z n G A + i?2£ + z — z n . 
In this case for every n > v, we have z — z n G _B e and therefore j;„ e i + -B3e; 
hence 

<5_({n G N | a;„ G A + B 3£ }) > 5-{n G N | y n G A + B 2s + z} . (2.10) 

Taking the infimum over e > in (|2.9I) and (|2.10j) we can conclude that 
i(x ni A) < i(y n , A + z) <i(x n ,A) which yields 

t(y n ,A + z) =i(x n ,A) = Ip-^cr 1 ^)! . 

We conclude that i(y n ,A) — \g~ 1 (c^ 1 (A — z))\ — 
\g^ 1 (A)\ for every bounded Peano- Jordan measurable set 4cM. □ 



A-f(xj-0) 
f(.Xi+0)-f(Xi-0) 



3 Shepard operators on discontinuous functions 

Let s > 1; the n-th Shepard operator S n s is defined by 

J2k=0 f (n) \ X ~ n I 



En 
k=0 



for every / : [0, 1] -4 M and x G [0, 1]. 

For the general properties of Shepard operators we refer to [3] . In particular 
we pont out that the sequence (S n ,sf) n>1 converges uniformly to / for every 
/ G C([-l, 1]) (see 0J Theorem 2.1]). 

Our aim is to study the behavior of the sequence of Shepard operators for 
bounded functions which have a finite number of points of discontinuity of the 
first kind and are continuous elsewhere. 

Also in this case we begin by considering the function h X0: d : [0, 1] — > K 
defined by 







X < Xo 






X = Xq 




{ o. 


X > Xo 



xe[Q,l], (3.1) 

x > Xo , 

where xq G [0, 1] and d G K are fixed. 
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In order to state the convergence properties of the sequence (Sn,sh>x ,d)n>ii 
for every s > 1 we consider the function g s : [0,1] n> M defined by setting, for 
every x G [0, 1], 

9 (x) = ^£lfj 

C{s,x) +C(s,l -x) ' 

where £ is the Hurwitz zeta function defined by (|2.2|) . 
We have the following result. 

Theorem 3.1 Let xq G [0, 1] and h :— h Xo d be defined by (13.11) . Then for every 
s > 1 the sequence (S n ^ s h) n>1 converges uniformly to h on every compact subset 

/[0,l]\{xo}. 

As regards the behavior of the sequence (S niS h(xo)) n >i we have 
i) If Xq — | with p, q G N, q and GCD(p, q) — 1, ifteri 

i {S n ,sh(xo); d) = - 

and further 

s > 1 i (s ntS h(x ); g s ) = ^ ' m = l,...,q-l , 

s = 1 i ^5 n , s /i(a;o); ^ j = 1 - ^ . 

ii) if Xq is irrational and if A CM is a Peano- Jordan measurable set, then 
s > 1 i (S n , s h(x ); A) = \g^(A)\ , 

s = 1 => i ^5 n , s /i.(a;o); = 1 . 

Moreover, in the case s = 1, there exist subsequences of (S n , s h(xo))n>i 
converging to and 1 (consequently the set of indices of these subsequences 
must have density zero). 

PROOF. We set k = [nxo], so that, for sufficiently large n > 1, ^ < Xo < 
Let a G [0, xq[ and x G [0, a], we have 

S n ,sh{x) 

then 

S n ^ s h(x) - 1 





x - - 

n 


S + X{x. 


on y (fc ) (d - 1) \x - x \ 


Z^fc=0 


x — - 

n 


— s 



l.c - - 



— s 



En 
fc=0 

ELfco + 1 ^ - ll _S + X{*0™} ( fc o) (d - 1) \X ~ X \ 



En 
k=0 



la; — -I 



(3.2) 
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If k > kg, since x < a < xq < ^, we have that ^— x>xq — a>0 1 moreover 
xq — x > xq — a, then 



E 



k 

x 

n 



+ X{x n} (ko) \d - 1| \x - x \~ 



<(n- k a )\x -a\ 3 + X{x n} (M \d - 1| |aj Q - a\~ 
< (n — [nxo] + \d — 1|) |xq — a\ s < +00 . 



(3.3) 



On the other hand we have 
k 



E 

k=0 



* E 

[nx] <fc<n 



[nx] <k<n 



n— [nxl 

nx])" s = n s 

m— 1 



^ mT s > n s 



(3.4) 



From (13.31) and (13.41) . we can rewrite (13.21) as follows 



\S n , s h{x) - 1| < [„,] " 

n Em=l TO 

where the righthand side converges to as n —> 00. Indeed if s > 1, 

(n - [rwco] + d) 
hm = , 

n— >oo n s 

while if s = 1 

n— [no] 

lim N mT 1 = +00 . 
n— > 00 — ' 

m— 1 

Now let xo < a < x < 1; using the same arguments we get 

([nx ] + l + \d-l\)\x -a\- s 



\S n ,sh(x)\ < 



Then the sequence of functions (S niS h) n>1 converges uniformly to h on every 
compact subset of [0, 1] \ {x }. 

Now we focus our attention on the behavior of the sequence (S n;S h(xo)) n >i. 
Let us denote a n — nx a — fc , that is a n — nx — [nxo] and observe that 
< cr n < 1. If xq coincides with a node then 



S n ,sh(xo) = d 
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otherwise 

S n ,sh(x ) 







— S 


2^fe=0 




— 5 



Efclo l n2; o - fc| s _ J2k=o \ nx o - k o + k o - k [ 



ELol na:: o-fc| s ELo \ nx o - k o + k o - k [ 

Et°=o + TO ) _;5 



E^ _1 (l-^ + m)- 



Now, consider the function /„ iS : [0, 1[— > M defined by setting 



if o-e]Q,l[ 




We have S niS h(x ) = /„, s (<t„). 

If s > 1, the sequence (/„ s) n>1 converges uniformly to the function g* given 

by 

J d , if a = , 

<? s (a), if<re]0,l[. 

If s = 1 the sequence (f n ,s) n>1 converges pointwise to 



5i» 



d , if cr = , 
i ifae]0,l[ 



and the convergence is uniform on every compact subset of ]0, 1[. 

Arguing similarly to the proof of Theorem l2.1l we obtain property i) for s > 1 
and ii) for s > 1. 

As regards the case s = 1, we consider an interval [a, b] c]0,l[. Since the 
sequence (/ ra ,i)n>i converges uniformly in [a, b], for every e > there exists 
i/eH such that \ f n .i( x ) — h\ < £ whenever n> v and a; G [a, 6]. Then 

{n £ N | n > f, (i n G [a, 6]} C |n G N | Sm^o) £ \~ £ \ Jr£ 

and since the sequence c n is equidistributed on ]0, 1[ 

S- In e N | S n ,ih(x ) e \~ £ \+ £ ^-h-n 

that is i{S nt \h(xo); h) > b — a for every < a < b < 1. 
It follows i(S n .ih(x ); |) = 1. 
Moreover from [TJ Theorem 2] we have that 



Umsup/S^i/i^o) = max < lim h(x), lim > = 1 
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and 

liminf S nt ±h(xo) = min < lim h(x), lim h(x) > =0, 

! ' 00 l >Xg X— >X^ I 

then we can construct subsequences of (S n> ih(xa)) n >i converging to and 1, 
but, thanks to Remark [1.8l and Proposition ll.6l they must have the set of indices 
with density zero. □ 

Finally, we extend Theorem 13. II to a larger class of functions. 

Theorem 3.2 Let f be a bounded function with N points of discontinuity of the 
first kind at x\, . . . , xn G]0, 1[ and continuous elsewhere. For every i = 1, . . . ,N 
consider di := f(xi) and define the function 

g s ,i(x) := f( Xi + 0) + {f{ Xl - 0) - f{x t + 0))g,(x) . 

Then, for every s > 1 the sequence {S n ^ s f) n>1 converges uniformly to f on 
every compact subset of [0, 1] \ {x%, . . . ,£z\r}. 

Moreover for all i = 1, . . . , N the sequence {S nyS f{xi)) n >i has the following 
behavior 



i) If Xi — 2 with p, q G N, q ^ and GCD(p, q) = \, then 

i {S n , s h{xi)\di) 



1 

<1 

and further 



s > 1 => i ^S n ,sf(xi);g s ,i y~j J = ~ i m = 1, . . . , g — 1 , 

. - 1 - « fe±a±ii^i) = i _ i . 

ii) if Xi is irrational and if Ac 'St is a Peano- Jordan measurable set, then 
s>l ^i(S n , s f( Xi );A) = \g-l(A)\, 

f(x t + o) + f( Xl -oy 



s = 1 => i \^S n . s f(xi); ■ 

Moreover, in the case s = 1, there exist subsequences of (S n ^ s f(xi)) n >i 
converging to f(x,i — 0) and + 0) whose set of indices has density 
zero. 

Proof. We assume X\ < ■■■ < x^- For every k = 1,...,N, we set c& :— 
f(x k - 0) - f(x k + 0) and d k := /(^ W(t°+o) > consequently we can write 

/ = F+J2k=i c khk, where F G C([0, 1]) and h k := h Xk j k for every k = l,...,N. 
So / G C([0, 1]) +if and since Shepard operators converge uniformly in C([0, 1]) 
(see e.g. [3j Theorem 2.1]), we can argue as in Theorem 12 . 2 1 using Theorem 13. II 
in place of Theorem 12.11 □ 
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